O. INTRODUCTION 0.1. Let X be a linear transformation of a finite-dimensional vector space V. The configuration of flags in V which are fixed by X has rather remarkable properties when X is unipotent. Though this case is especially interesting, the proper generality in which to study such configurations is in the theory of reductive algebraic groups, where their definition can be reformulated in the language of Borel subalgebras as follows.
Let G be a connected reductive group over C, with Lie algebra g, and let NEg be a nilpotent element. Let IB be the variety of all Borel subalgebras of g and let (a) These varieties play an important role in representation theory, in particular in questions concerning characters of infinite dimensional representations of real semisimple groups and characters of complex representations of reductive groups over a finite field (see [Spr I D.
The variety IBN has in general many irreducible components which may be singular and have a very complicated intersection pattern. (The reader is referred to [Spa I ] for a detailed discussion of the geometry of IBN .) One of our main results is that the integral homology of IBN is zero in odd degrees and is without torsion in even degrees. This answers a question of Springer (see [Spr 2 D. (The vanishing of the rational homology in odd degrees of IBN has been proved earlier by Shoji [Sh] and Beynon-Spaltenstein [BS] . ) We also show that all the homology of IBN comes from algebraic cycles. This result is new even over Q; it was known earlier only for GL n and groups of low rank [Spa 2 ]. 0.2. Let S E G be a semisimple element such that (Here we use the adjoint action of G and g and the action of C· on g given by scalar multiplication.)
Following [L] we consider the variety (b) ~; = {b E ~ I NEb, s· b = b} which reduces to ~N when s = e; this variety enters in a significant way in recent work on representations of affine Hecke algebras (see [G, KL] ). Our results on the homology of ~ N are special cases of more general results which hold for any ~~. In fact, in our proof, the case of ~N cannot be separated from the more general case ~~. (The vanishing of the rational homology of ~~ in odd degrees is proved in [KL, 4.1] ].) 0.3. The proofs of our results are quite elementary in the sense that no intersection homology or reduction to characteristic p is used.
We shall now describe our method of analyzing the varieties ~~.
We intersect ~~ with the P-orbits on ~ , where P is a certain parabolic subgroup of G canonically attached to N. Each of these intersections 'Y is shown to be a vector bundle 'Y -+ 'Y over a smooth projective variety 'Y. We are then reduced to analyzing the varieties 'Y. We can reduce ourselves to the case where N is distinguished (see § 1.12) and s = e. In this case, the varieties 'Y c ~ N are all pure of the same dimension, hence the closures of their connected components are precisely the irreducible components of ~ N • Moreover, the projective varieties 'Y can all be naturally imbedded in the flag manifold gr of a Levi subgroup M of P; their images in gr form a remarkable lattice of submanifolds of gr .
One of our observations is that for a certain natural prehomogeneous vector space V with respect to M, the previous lattice is isomorphic to the lattice of all subspaces of V which are stable under a fixed Borel subgroup of M and meet the open M-orbit in V. We show that for certain triples ¥" c 'Y c 'Y' of submanifolds in our lattice (each of codimension one in the next) the blow up of ¥' along ¥" is isomorphic to a pi -bundle over 'Y. This gives many constraints for the homology of the varieties 'Y , which, at least for exceptional groups, are sufficient to show that all the homology of 'Y comes from algebraic cycles and has no torsion.
In the classical groups, we follow a different approach which gives the following result: ~ N can be partitioned into finitely many pieces isomorphic to affine space. This was proved earlier by Spaltenstein [Spa I ' Spa 2] for types An and E 6 ; we can also prove it for type F4 and it is likely to be true also in types E 7 , E8 .
1. PRELIMINARIES 1.1. In this section we collect some material which will be needed in the later sections. We make the following conventions. All algebraic varieties are reduced and assumed to be over C. All algebraic groups are assumed to be linear. If H is an algebraic group, an H -module is always assumed to be a finite-dimensional C-vector space with a given rational representation of H. Throughout this paper, G ,g ,g, ... are as in §O.l. (a) the partition of X into the subsets Fy in § 1.2 is an Ct -partition.
1.4. Let X be a smooth projective variety with an action of a torus T. Then there exists an Ct -partition of X into subsets which are vector bundles over various connected components of the fixed point set XT . Indeed, we can choose a I-parameter subgroup A.: C* ~ T such that the fixed point set XT coincides with the fixed point set of C* acting on X via A.. To this action of C· we may apply § § 1.2 and 1.3; the resulting partition of X has the required property.
1.5. Let p: E ~ Y be a vector bundle over a smooth variety Y, with a fiber preserving linear C· -action on E with strictly positive weights. Let Z c E be a C* -stable smooth closed subvariety. Then 7r(Z) is smooth and Z is a sub-bundle of E restricted to 7r(Z).
This follows easily from [BH, Theorem 9 .1].
1.6. If X is an algebraic variety, we denote by Ak(X) the group generated by k-dimensional irreducible subvarieties modulo rational equivalence (see [Fu, 1.3] ). Let Hj(X) be the (Borel-Moore) integral homology of X; this is the singular homology of X if X is proper; it is the singular homology of X modulo X -X if X is not proper and X is a compactification of X. There is a canonical homomorphism ("cycle map", see [Fu, 19. 
S). then X has property (S).
Proof. Let Xl' .. , ,X n be the pieces of the partition indexed so that Y j = Xl u· .. U Xj is closed in X for all j. We show by induction on j that Y j has property (S). This is clear for j = 1. Assume now that j ~ 2 and that Y j -l is already known to have property (S). We have an exact sequence 
whose rows are exact (see [Fu, 1.8] ) and the vertical arrows are as in § 1.6. Moreover rp, rp" are isomorphisms. It follows that rp' is an isomorphism.
Lemma. Assume that E -X is a vector bundle and that X has property (S). Then E has property (S).
Proof. This follows easily from [Fu, 1.9] and the analogous result for homology.
1.10. Since a point clearly has property (S) we see from Lemmas 1.8 and 1.9 that:
(a) If X admits an a -partition into affine spaces then X has property (S). Using §1.4 and Lemmas 1.8 and 1.9 we see also that: (b) If X is smooth projective with an action of a torus T such that XT has property (S), then X has property (S).
1.11. Let P be a parabolic subgroup of G and let p be its Lie algebra. The natural action of G on pg restricts to an action of P on pg. The P-orbits on pg form an a-partition of pg. Let L be a Levi subgroup of P with Lie algebra (. Let T be the identity component of the center of L. Then for each P-orbit &, the T-fixed point set &T is isomorphic to the variety of Borel subalgebras of ( under the map b -b n ( . 
Let Go (resp. P) be the connected algebraic subgroup of G whose Lie algebra is 00 (resp. €Bi>oOj)' Note that 0i is a Go-module for each i.
Then P is a parabolic subgroup of G with Levi subgroup Go' It is known that:
(a) P depends only on N (and not on the choice of qJ).
We say that N is distinguished if it is not contained in any Levi subalgebra of a proper parabolic subalgebra of 0 . It is known [BC] 
is a line bundle over M/H, and X U ;_1 is a hypersurface in
Xu;, 2.6. Returning now to the setup in §2.1, let Mv be the stabilizer in M of the line through v. Let X: Mv -+ C· be the character through which Mv acts on that line. Let T c Mv be a maximal torus; we denote the restriction of X
and let C = L n goHg;;1 be the stablizer of goH in L. The set Xu n &'
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use can be described as Lui C where Lu = {I ELI r 1 v E go V}. Consider the subspaces V X :::> (goV)x where, for any T-module W, we denote by W X the x-eigenspace. Note that V X is L-stable, (goV)X is C-stable and v E V X .
Note that Tn Mv is the unique maximal torus of Lv = L n Mv and it is exactly
We see therefore that:
M,V,H).
Of special interest is the case where H is a Borel subgroup of M. In this case, (MI H)T is a finite union of L-orbits and C is a Borel subgroup of L. Applying § 1.4 to the T -action on Xu which is smooth, projective (Lemma 2.2(i), §2.5) we see that:
(b) Xu admits an a-partition into varieties which are vector bundles over the various components of the varieties Xu n & (which have been described in
This allows us to reduce certain questions for (M, V) (for example the question of whether the varieties Xu have the property (S)) to the special case where M~ is unipotent.
2.7. Let M, V, H, v be as in §2.1. We assume for the remainder of this section that H is a Borel subgroup of M . Let r be the set of all H -stable subspaces of V. For each V E r let P u be the stabilizer of V in M; this is a parabolic subgroup containing H.
We want to consider r as the set of vertices of a graph whose edges are the pairs V, Vi with the following three properties:
(iii) There exists a parabolic subgroup P :::> H of semisimple rank 1 and
Note that in (iii), V" is necessarily equal to n gEP gV. Let r* be the set of all V E r such that V n V O "1121 .
2.8. Assume that the prehomogeneous M -module V arises in the context of § 1.12 from a nilpotent element N in a simple Lie algebra 9, that is V = 92' M = Go (see §1.12(c) We claim that if V, V' are as in (a) then automatically there exists a P-stable subspace V" c V such that dim V/V" = 1. (Hence condition (a) defines the edges of r.)
Let R be the (solvable) radical of P and let K be a semisimple subgroup of type A I of P . The K -module V is a sum of K -stable subspaces of dimension 1 and 2. This follows from the following fact: if a is a simple root and P is a positive root of a simple Lie algebra of type A, D or E then P -a and P + a cannot both be roots.
Consider the P-
corresponds to a line D c (V,)* which is B-stable but not P-stable. The P-submodule Y of (V')* generated by D is irreducible and distinct of D, hence of dimension ?: 2. It is also irreducible as a K -module since R acts trivially on it; hence it has dimension 2. It follows that the annihilator of Y is a P-stable subspace V" c V' of codimension 2, contained in V, as claimed.
2.9. Returning to the setup of §2.7, we define for any V E r two numbers:
Notice that: (a) the condition J(V) < 0 implies that the subvariety Xu of M/H is empty, while the condition J (V) = 0 implies that Xu is the preimage in M/ H of a finite number of points in M/ P u under the natural projection.
This follows from Lemma 2.2(ii) and Remark 2.3.
2.10. We say that the M -module V is good if for any V E r one has either V c V' for some V' E r with J (V') < 0, or V lies in the same connected component of r as some V' E r with J (V') :$ O. 2.11. Lemma. Let V C V' bean edge oJ r and let V" and P be as in §2.7(iii). 
Note that XUII has codimension 2 in Xu'; let Blxu ll (Xu,) be the blow up oj
Proof. Consider for any V E r and any integer n 2: 0 the following statement:
We shall prove (Sn) by induction on n. This is trivial for n = 0 (see Lemma 2.2(ii)).
We can therefore assume that n 2: 1 and that (Sn_l) is already proved for Proof. Let P and V" be as in §2.7(iii) and let Z be as in Lemma 2.11. Using Lemma 2.11 and [Fu, 6.7, 3 .3] we see that there are natural isomorphisms which are compatible with the maps 'P:
, hence, by (Sn_I),HiXu) and H j _ 2 (X UIl ) are zero for odd j and have no torsion for even j. Hence from (b) it follows that the two groups H j _ 2 (X U ) and HiXu') are isomorphic for odd j and have isomorphic torsion subgroups for even j.
If
:. H2j_2(XUII) EB H2j (X U ') where 'Pj_I' 'P j , 'P;'-I' 'P; are as in §1.6, and the horizontal arrows are as in (b). From (Sn_I)' it follows that 'Pj and 'P;'-I are isomorphisms. From (c) it then follows that 'Pj_1 is an isomorphism if and only if 'P; is an isomorphism. The lemma is proved. Assume now that we are given a set of representatives VI' V 2 ' ... ,VI for the connected components of r* such that J (V) = 0 (I ::; j ::; t). We also assume that I Uj is known for I ::; j ::; t. If this information is given, we can determine inductively the structure of the I-module H 2j (X U ) ® C for any i and any V E r, as follows.
otherwise. (This follows from (a) and §2.9(a).) Assume now that the I-modules H 2i (X U )® C are known for all V for i ~ v(V) -(n -I) for some n ~ I. We wish to determine the I-modules H 2j (X U ) ® C for i = v(V) -n. If V c V' is an edge of rand P, V" are as in §2.7(iii), we have
H2(v(Uj-nj(XU) ® C -H2(v(u'j-nj(XU') ® C = H2(v(Ullj-(n-ljj(XUII) ® C -H2(v(uj-(n-ljj(Xu ) ® C
as virtual I -modules. By our inductive hypothesis, the right-hand side of this equality is known; hence its left-hand side is known. Hence H 2 (v(Uj_nj(X u exactly like the one analyzed in §2.1 relative to the P-prehomogeneous space V = P . N , and the subspace V = b n V , so it is smooth of pure dimension dimPIH -dim V Ib n V (see Lemma 2.2).
Corollary. If N is a Richardson element in p = Lie P, then the intersections of tBN with the P-orbits on tB are pure of dimension dim PI BI (where BI is a Borel subgroup of P). In particular, the closures of their connected components are the irreducible components of tB N .
Proof. In this case V = n is the nilpotent radical of p and Lie H = b n p (notations of Proposition 3.2). It is known that (b np) +n is a Borel subalgebra of p. Hence
as required.
3.4. Returning to an arbitrary nilpotent element NEg, we consider the canonical parabolic subgroup P attached to N in §1.12 (see §1.12(a)). According to [KL, 2.4(g) ] there exists a homomorphism of algebraic groups rp: SL 2 (C) ---> G such that (notations of § 1.12), where q I /2 is a fixed square root of q.
We define 9 i ' Go in terms of such a rp, as in § 1.12. Let A: C· ---> G be the I-parameter group A(Z) = rp(D(z)) , Z E C· , and let sg be its image in G. From (b) we see that Proof. The theorem is trivial when G is a torus. Hence we may assume that G is not a torus and that the theorem is already proved for G replaced by a group of strictly smaller dimension. We preserve the notations of §3.4. From Lemmas 1.8 and 1.9 and §3.5(a) we see that it is enough to prove the statement of the theorem for G, with !B~ replaced by !B:. (This is 91 ' in fact a special case of the theorem since !B N =!B~ for a suitable element s' E g.) Using Lemmas 1.8 and 1.9 and §3.6(b) we see that we can further assume that N is distinguished. We can also assume that G is almost simple, simply connected. If G = SLn(C) , then N is regular, !B N is a point so there is nothing to prove. Assume that G is SP2n(C) (n ~ 2) or Spinn(C) (n ~ 7). We define a G-module E as follows: it is the standard representation of SP2n (C) , or it is the standard representation of SOn(C) lifted to Spinn(C). From the classification of distinguished nilpotent elements [BC] , we see that E satisfies the assumption of §3.8. Using the induction hypothesis for Q (notations of §3.8), we see that !B: admits an a-partition into subvarieties which are affine spaces; in particular, it satisfies property (S) (see §l.lO(a)).
Next assume that G is simply connected of type G 2 , F 4 , E 6 , E7 or E 8 . Using §3.7(a) and Proposition 2.12 we see that it is enough to show that the Go-module g2 is good (see §2.1 0). This can be verified case-by-case, using the classification [BC] of distinguished nilpotent classes. This verification is very long, but completely mechanical. One first has to make a list of all Bo-subspaces V of 92 (a finite set, by §2.8), then one determines P u (see §2.7) for each V, and then one applies the definition of the graph r (see §2.7) (which simplifies, as in §2.8, in type En)' Note that in each case, Go is of type A and 92 is an explicitly known representation of Go'
We omit further details. This completes the proof of the theorem.
EXAMPLES ARISING FROM EXCEPTIONAL GROUPS
4.1. In this section we shall consider some examples of the prehomogeneous vector spaces (G O ,92) associated as in §1.12 to a distinguished nilpotent element N in the Lie algebra 9 of a simply connected exceptional group G.
The list of such distinguished classes can be found in [BC] ; up to G-conjugacy there are two such elements in type G 2 , four in F 4 , three in E 6 , six in E7 and 11 in Es' In each case, the derived group of Go is a product of SLn's (n ~ 5) and its representation on 92 can be described explicitly. Recall that the graph r associated to (G O ,92) is finite (see §2.8). As we have already mentioned in the proof of Theorem 3.9 the Go-module 92 is good.
Furthermore the following can be verified in each case. (d) I is isomorphic to one of the symmetric groups Sn (1 ~ n ~ 5) . 
The group I permutes naturally the four lines L i ; this gives an isomorphism of I with
S4·
One verifies that roO consists of nine subspaces U i (1 ~ i ~ 9). We shall regard the corresponding varieties XVi ( §2.1) as subvarieties of the flag manifold
X VI is the full flag manifold !7 . 
We now give a geometric description of the varieties XVi (2 ~ i ~ 9). X V2 is a pi-bundle over the variety obtained from P (V) by blowing up the four points [Li1. XV3 is obtained from P(V) by blowing up the seven points [Ld. [L 2 1. [L 3 ], [L4] , [Ra] , [Rb] , [Rc1 . X V4 is isomorphic to four copies of pi x pi ; its natural projection to P(V) consists of the four points [L i 1. XV5 consists of four copies of pl. X Vs consists of three copies of pi ; the natural projection to P( V) (resp. P (E) 
where E is a 4-dimensional C-vector space and V is a 5-dimensional C-vector space; the action is the obvious one.
We 
The corresponding variety Xv' regarded as a subvariety of the flag manifold
where U = n u . j .kJEA U ijk for some set of indices A, and XVijk c!T is defined by the equation we (v, v') 
We shall give enough information on the varieties Xv so as to be able to compute their Betti numbers (even equivariant ones) by the method indicated in §2.13. We shall therefore exhibit in each connected component of r* a subspace U such that r5 (u) = 0 . 
where i, j , k , I ,m are all distinct. H k ) ). Now using §2.13(a) we see that for any U E r* , the Ss-module H 2i (X u ) ®C does not contain the sign representation of Ss' (It follows that the Ss-module H 2i (fB N ) does not contain the sign representation of Ss') (This was proved earlier, by a less elementary method, in [BS] .) ApPENDIX. A RESULT ON GRADED SEMISIMPLE LIE ALGEBRAS Let 9 be a semisimple Lie algebra over C and let 9 = EB iE2z gi be a decomposition such that [9 i • 9 j] C 9 i+ j for all i, j .
Let ( , ) be the Killing form on 9. Then (9 i • 9) = 0 unless i + j = O. Hence ( . ) defines a nonsingular pairing 9 -i X 9 i -+ C. Also 90 is reductive. and from Cartan's criterion it follows that b is solvable. We have dim b = dim(b 0 EB ffi ;>0 g;) and the last space is a Borel subalgebra. It follows that b is a Borel subalgebra.
